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Abstract
Let k be a number ﬁeld with ring of integers Ok , and let  be the dihedral group of order
8. For each tame Galois extension N/k with group isomorphic to , the ring of integers ON
of N determines a class in the locally free class group Cl(Ok[]). We show that the set of
classes in Cl(Ok[]) realized in this way is the kernel of the augmentation homomorphism
from Cl(Ok[]) to the ideal class group Cl(Ok), provided that the ray class group of Ok for
the modulus 4Ok has odd order. This reﬁnes a result of the second-named author (J. Algebra
223 (2000) 367–378) on Galois module structure over a maximal order in k[].
© 2005 Elsevier Inc. All rights reserved.
MSC: 11R33
1. Introduction
For any number ﬁeld k, we write Ok for its ring of algebraic integers. Given a number
ﬁeld k and a ﬁnite group , we consider Galois extensions N/k with group (isomorphic
to) . If N/k is at most tamely ramiﬁed then ON is a locally free module over the
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group ring Ok[]. Its structure as such is determined, up to stable isomorphism, by its
class (ON) in the locally free class group Cl(Ok[]) of Ok[]. Then R(Ok[]), the
set of realizable classes for Ok[], is deﬁned to be the subset of Cl(Ok[]) consisting
of the classes (ON) as N runs through all tame Galois extensions of k with group .
McCulloh [M1] has given a concrete description of R(Ok[]) for any elementary
abelian group , and has determined R(Ok[]) in a less explicit form [M2] for arbitrary
abelian . To give a partial determination of the realizable classes for certain non-
abelian groups , one can ﬁx a maximal order M ⊃ Ok[] in k[] and consider
the image R(M) of R(Ok[]) under the natural map Cl(Ok[])Cl(M) induced by
extension of scalars. Now Cl(M) may be represented as a product of ideal class groups
(possibly in the narrow sense), and in some cases the components of (ON) in Cl(M)
can be found from the Steinitz classes of the rings of integers of the intermediate
extensions of N/k. (For discussion of Steinitz classes for various 2-extensions, see
[S2].) Using this approach, the second-named author has determined R(M), under
some restrictions on k, for certain metacyclic groups  [S1], for both types of non-
abelian group of order 8 [S3,S4], and (with Godin) for the alternating group A4 [GS].
For metacyclic groups, stronger results of a similar nature are contained in unpublished
work of Soverchia [So].
These results suggest that R(Ok[]) should always be a subgroup of Cl(Ok[]),
although this is not known in general. When k = Q, it follows from [T] that R(Z[]) =
1 whenever  has no irreducible symplectic characters, and is realizable as the Galois
group of a tame extension of Q.
The purpose of this paper is to determine R(Ok[]) when  is the dihedral group
D4 of order 8. We do so under a technical restriction on the ground ﬁeld k. To the
best of our knowledge, this is the ﬁrst example where R(Ok[]) itself (and not just
R(M)) has been found for a non-abelian group  and for a base ﬁeld k = Q. Since
obtaining this result, we have also been able to determine the realizable classes for the
alternating group A4 over an arbitrary number ﬁeld k [BS].
To state our result, we require some further notation. Let : k[] → k be the augmen-
tation (
∑
 c) =
∑
 c. Then  induces group homomorphisms from Cl(Ok[]) and
Cl(M) onto the ideal class group Cl(Ok). We denote their kernels by Cl0(Ok[]) and
Cl0(M), respectively. The main result of [S4] is that R(M) = Cl0(M) when  = D4
and k is any number ﬁeld with odd class number which is linearly disjoint from Q(i),
i2 = −1. We prove here the following result:
Theorem. Let  = D4 and let k be any number ﬁeld such that the ray class group of
Ok with modulus 4Ok has odd order. Then R(Ok[]) is the subgroup Cl0(Ok[]) of
Cl(Ok[]).
We will show in Section 4 that the hypothesis forces k to be totally real (Lemma 4.1),
and that Cl0(Ok[]) is then isomorphic to Cl2(Ok)4, the product of 4 copies of the
ray class group Cl2(Ok) of Ok with modulus 2Ok (Proposition 4.2). Some examples
are given where R(Ok[]) is non-trivial.
The proof of the theorem follows the same pattern as in [S4]: we ﬁrst construct a
biquadratic extension of k which may be embedded in an extension N/k with Galois
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group D4, and then apply a quadratic twist to N to obtain an extension with the
desired Galois module class. Rather than working with the representations of Cl(M)
and Cl0(M) as products of ideal class groups, we now represent Cl0(Ok[D4]) as a
quotient of a product of ray class groups (Corollary 2.3). Thus we can no longer express
the class (ON) in terms of Steinitz classes (which are deﬁned only as ordinary ideal
classes, not as ray classes), so we do not obtain an explicit description of (ON) in
terms of ramiﬁcation data for N/k. It is likely that some simpliﬁcation in the proof of
the theorem could be achieved by making use of Proposition 4.2, but we have chosen
to proceed as far as possible without using the hypothesis on k.
In an appendix, we take the opportunity to correct an error in the earlier papers
[S1,S3,S4].
2. Class groups
Let  = D4 = 〈,  | 4 = 2 = 1, −1 = −1〉 be the dihedral group of order
8, and let k be an arbitrary number ﬁeld. In this section, we adapt Fröhlich’s Hom-
description of Cl(Ok[]) to obtain a Hom-description of Cl0(Ok[]), and we prove
several results which will enable us to calculate with classes in this group.
The irreducible characters of  are the trivial character 0, the linear characters 1,
2, 3 with kernels 〈〉, 〈,2〉, 〈,2〉, respectively, and a character 4 of degree 2,
corresponding to the representation T over k given by
T () =
(
0 −1
1 0
)
, T () =
(
1 0
0 −1
)
. (2.1)
Since the irreducible representations of  are all deﬁned over k, the Hom-description
[F1, p. 20] of Cl(Ok[]) simpliﬁes to
Cl(Ok[]) ∼= Hom(R,J(k))Hom(R, k×)Det(U(Ok[])) . (2.2)
The notation is as follows: R is the group of virtual characters of , J(k) is the idele
group of k, U(Ok[]) is the group of unit ideles of Ok[], and Det:U(Ok[]) →
Hom(R,J(k)) is the determinant map given by Det()() = det(T()), where T is
a representation affording the character . Here and subsequently, we write A× for the
group of units of any ring A. We denote by (f ) the class in Cl(Ok[]) represented by
f ∈ Hom(R,J(k)) under isomorphism (2.2).
We now derive an analogue of (2.2) for the augmentation kernel Cl0(Ok[]). This
will be given in (2.3) below.
Proposition 2.1. If f ∈ Hom(R,J(k)) satisﬁes the condition f (0) = 1 then (f ) ∈
Cl0(Ok[]). Conversely, any class in Cl0(Ok[]) can be written in the form (f ) with
f (0) = 1.
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Proof. Let U(Ok) denote the group of unit ideles of k. Since the augmentation
: k[] → k is the linear extension of the trivial character 0 of , the induced homo-
morphism
∗: Cl(Ok[])→ Cl(Ok) ∼= J(k)
k×U(Ok)
is given by ∗
(
(f )
) = (f (0)). Thus the class (f ) ∈ Cl(Ok[]) lies in the kernel
Cl0(Ok[]) of ∗ if and only if the content of the idele f (0) ∈ J(k) is a principal
ideal of Ok . In particular, if f (0) = 1 then (f ) ∈ Cl0(Ok[]). Conversely, given any
class (f ) ∈ Cl0(Ok[]), we have f (0) = b ∈ J(k) where b ∈ J(k) can be written
b = u with  ∈ k× and u ∈ U(Ok). Deﬁne bˆ ∈ Hom(R,J(k)) by bˆ() = b(1),
and deﬁne ˆ, uˆ similarly. Then bˆ = ˆuˆ = ˆDet(u) ∈ Hom(R, k×)Det(U(Ok[])) and
bˆ(0) = b. We set f ′ = bˆ−1f , so that (f ′) = (f ) in Cl(Ok[]) and f ′(0) = 1.
Replacing f by f ′, we have expressed the given class in the required form. 
Proposition 2.1 suggests the following deﬁnitions. For A = k× or A = J(k) we set
Hom0(R, A) =
{
f ∈ Hom(R, A) | f (0) = 1
}
.
If p is any place of k, we write kp (respectively, Ok,p) for the completion of k
(respectively, Ok) at p. Let B = Ok,p[]× or U(Ok[]). For x ∈ B we deﬁne
Det0(x) = Det(0(x)−1x). Then
Det0(B) = {Det(x) | x ∈ B, 0(x) = 1} = {f ∈ Det(B) | f (0) = 1} .
An argument similar to the proof of Proposition 2.1 shows that
Hom0(R,J(k)) ∩ Hom(R, k×)Det(U(Ok[])) = Hom0(R, k×)Det0(U(Ok[])),
so we deduce that Cl0(Ok[]) has a Hom-description
Cl0(Ok[]) ∼= Hom
0(R,J(k))
Hom0(R, k×)Det0(U(Ok[]))
. (2.3)
We next identify f ∈ Hom0(R,J(k)) with its quadruple of values (f (1), f (2),
f (3), f (4)) ∈ J(k)4 at the non-trivial irreducible characters. Clearly
Hom0(R,J(k)) = J(k)4 and Hom0(R, k×) = (k×)4. (2.4)
The main problem in analysing Cl0(Ok[]) is therefore to understand the remaining
term Det0(U(Ok[])). We will describe this group in Proposition 2.2, after introducing
some further notation.
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Let f be a modulus for k. Thus f is a formal product of an ideal of Ok and a subset
of the real places of k. We write Uf(Ok) for the group of unit ideles of Ok with
modulus f:
Uf(Ok) =
{
u ∈ U(Ok) | u ≡ 1mod∗ f
}
,
where, as before, U(Ok) denotes the full group of unit ideles of Ok , and where mod∗
indicates the usual generalised congruence relation of class ﬁeld theory. We then have
the ray class group with modulus f
Clf(Ok) = J(k)
k×Uf(Ok)
. (2.5)
The ray class number hf(k) is by deﬁnition the order of this group. We write ∞ for
the product of all real places of k. For a rational integer n > 0, we write Un(Ok) and
Un·∞(Ok) for the groups of unit ideles with modulus nOk and nOk ·∞, respectively,
and similarly for class groups and class numbers. Finally, let  be the automorphism
of J(k)4 given by

(
(x1, x2, x3, x4)
) = (x1, x2, x−11 x2x3, x−11 x4).
Proposition 2.2. With the above notation, we have
(Det0(U(Ok[]))) = U2(Ok)2 ×H,
where H is the subgroup of U2(Ok)2 deﬁned as follows: ((xp), (yp)) ∈ H if and only if,
for each place p above 2, there exist a, b ∈ Ok,p with xp = 1+4a, yp = (1+2a)(1+4b).
In particular, U8(Ok)3 ×U4(Ok) ⊆ Det0(U(Ok[])) ⊆ U2(Ok)4.
Proof. We ﬁrst note that U8(Ok)×U4(Ok) ⊆ H ⊆ U2(Ok)2, so that
U8(Ok)
3 ×U4(Ok) ⊆ −1(U2(Ok)2 ×H) ⊆ U2(Ok)4
since the ﬁrst and last groups are invariant under . Moreover, H is indeed a subgroup
of U2(Ok)2, since if (1+ 4a1)(1+ 4a2) = 1+ 4a and (1+ 4a1)(1+ 4a3) = 1 with a1,
a2, a3 ∈ Ok,p then (1+ 2a1)(1+ 2a2) ≡ 1+ 2a (mod 4Ok,p) and (1+ 2a1)(1+ 2a3) ≡
1 (mod 4Ok,p).
Now Ok,p[] is a maximal order in kp[] for each place p not above 2 [R, (41.1)].
Thus, since  has no irreducible symplectic characters, we have Det0(Ok,p[]×) =
(O×k,p)4 at these places (see [CR, p. 337]). It therefore only remains to consider the
places above 2, and for each such place p we must show that
(Det0(Ok,p[]×)) = (1+ 2Ok,p)2 ×Hp, (2.6)
where Hp is the subgroup
{
(1+ 4a, (1+ 2a)(1+ 4b)) | a, b ∈ Ok,p
}
of (O×k,p)2.
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Let p be a place above 2, and let : Det0(Ok,p[]×) → (O×k,p)3 be the projection
to the ﬁrst 3 factors. We will determine the image and kernel of .
Let  ∈ Ok,p[]× with 0() = 1. Then
 = 1+
∑
∈\{1}
c(− 1)
for some c ∈ Ok,p. We set d1 = c + c3 , d2 = c + c2 and d3 = c + c3. Recall
that Det()(i ) = det(Ti ()) for each i. Now for the non-trivial linear characters i
with i = 1, 2, 3, we have det(Ti ()) = i (). We calculate
1() = 1(1)+
∑
∈\{1}
c(1()− 1(1))
= 1− 2c − 2c2 − 2c − 2c3
= 1− 2a1,
say, where a1 = d2 + d3. Similarly, we ﬁnd that 2() = 1− 2a2 and 3() = 1− 2a3
where a2 = d1 + d3 and a3 = d1 + d2.
Clearly a1, a2, a3 ∈ Ok,p and a1 + a2 + a3 ≡ 0 (mod 2Ok,p). Conversely, given
a1, a2, a3 satisfying these conditions, we may choose the c ∈ Ok,p so that di =
1
2 (a1 + a2 + a3)− ai for i = 1, 2, 3. Then
(Det0()) = (1− 2a1, 1− 2a2, 1− 2a3).
Thus we have
(Det0(Ok,p[]×)) =
{
(1− 2a1, 1− 2a2, 1− 2a3)
∣∣
a1, a2, a3 ∈ Ok,p, a1 + a2 + a3 ≡ 0 (mod 2Ok,p)
}
.
(2.7)
Now let  ∈ ker . Then di = 0 for i = 1, 2, 3, so that c3 = −c, c2 = −c,
c3 = −c. For the two-dimensional representation T in (2.1) we have T (2) = −I ,
where I is the identity matrix. Thus
T
(
c(− 1)+ c3(3 − 1)
) = 2cT (),
and similarly for the pairs , 2 and , 3. We therefore have
T () = (1− 2c2)I + 2cT ()+ 2cT ()+ 2cT ()
=
(
1− 2c2 + 2c −2c + 2c
2c + 2c 1− 2c2 − 2c
)
,
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so that
det(T ()) = (1− 2c2)2 − 4c2 + 4c2 − 4c2 ≡ 1 (mod 4Ok,p).
Moreover, given a ∈ Ok,p, we may take c2 = c = −a = −c2 and c = 0 for  = ,
3, , 3. Then Det() ∈ ker  and det(T ()) = (1+ 2a)2 − 4a2 = 1+ 4a. Hence
ker() = {1} × {1} × {1} × (1+ 4Ok,p). (2.8)
We next claim that both groups in (2.6) have the same (ﬁnite) index in (O×k,p)4. Using
(2.7), it is clear that both groups lie in (1+ 2Ok,p)3×O×k,p. Let x = (x1, x2, x3, x4) ∈
(1 + 2Ok,p)3 × O×k,p and let y = (y1, y2, y3, y4) = (x). For i = 1, 2, 3, we have
xi = 1 − 2ai with ai ∈ Ok,p. Then y3 ≡ 1 (mod 4Ok,p) if and only if a1 + a2 +
a3 ≡ 0 (mod 2Ok,p). Conversely, given a1, a2, a3 ∈ Ok,p such that a1 + a2 + a3 ≡
0 (mod 2Ok,p), deﬁne xi = 1 − 2ai for i = 1, 2, 3. It then follows from (2.7) and
(2.8) that there is some x4 ∈ O×k,p, unique mod 4Ok,p, such that (x1, x2, x3, x4) ∈
Det0(Ok,p[]×). Thus
[(O×k,p)4 : (Det0(Ok,p[]×))] = [O×k,p : 1+ 2Ok,p]2[O×k,p : 1+ 4Ok,p]2. (2.9)
On the other hand, given y1, y2 ∈ 1 + 2Ok,p and y3 ∈ 1 + 4Ok,p, there is some y4,
unique mod 4Ok,p, such that (y1, y2, y3, y4) lies in (1+ 2Ok,p)2 ×Hp. Therefore
[(O×k,p)4 : (1+ 2Ok,p)2 ×Hp] = [O×k,p : 1+ 2Ok,p]2[O×k,p : 1+ 4Ok,p]2. (2.10)
Comparing (2.9) and (2.10), we see that both sides of (2.6) do indeed have the same
index in (O×k,p)4, as claimed. Thus equality (2.6) itself will follow, and the proof of
the proposition will be complete, if we can verify that
(1+ 2Ok,p)2 ×Hp ⊆ (Det0(Ok,p[]×)).
But this inclusion holds since the group on the left is clearly generated by
(ker()) = {1} × {1} × {1} × (1+ 4Ok,p)
together with the elements
(Det(1+ a1(− 1)) = 
(
(1− 2a1, 1, 1− 2a1, 1− 2a1)
)
= (1− 2a1, 1, 1, 1),
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(Det(1+ a2(− 1)) = 
(
(1− 2a2, 1− 2a2, 1, 1− 2a2)
)
= (1− 2a2, 1− 2a2, 1, 1),
(Det(1+ a3(− 1)(− 1))) = (1, 1, 1+ 4a3, 1+ 2a3)
for all a1, a2, a3 ∈ Ok,p. 
Using (2.3) and (2.4) together with (2.5), we can now express Cl0(Ok[]) in terms
of ray class groups.
Corollary 2.3. The canonical map J(k)4 −→ Cl0(Ok[]) factors through Cl8(Ok)3 ×
Cl4(Ok), and the canonical map J(k)4 −→ Cl2(Ok)4 induces a surjection Cl0(Ok[])
−→ Cl2(Ok)4. Finally, by composing  with the canonical map
J(k)4 −→ Cl2(Ok)2 × J(k)
2
(k×)2H
,
we obtain a surjective map which induces an isomorphism
Cl0(Ok[]) ∼= Cl2(Ok)2 × J(k)
2
(k×)2H
,
where H is as in Proposition 2.2.
In Proposition 4.2 below, we will give a more satisfactory description of Cl0(Ok[])
under the hypothesis that h4(k) is odd.
The same considerations as above apply also to the maximal abelian quotient V =
/〈2〉 of . The irreducible characters of V correspond via inﬂation to the 4 linear
characters of , and we denote them again by i , 0 i3. With the obvious notation,
we identify each f ∈ Hom0(RV ,J(k)) with its triple of values (f (1), f (2), f (3)) at
non-trivial irreducible characters. Moreover, since all the irreducible characters are now
linear, we have an isomorphism from the idele group J(k[V ]) of k[V ] to
Hom(RV ,J(k)), taking each  ∈ J(k[V ]) to the character function i → i (). Its
inverse is given by
f →
3∑
i=0
f (i )ei
for f ∈ Hom(RV ,J(k)), where
ei = 14
∑
∈V
i ()
−1, 0 i3 (2.11)
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are the primitive idempotents of k[V ]. We set
J0(k[V ]) = { ∈ J(k[V ]) | 0() = 1}.
Then we have a Hom-description for Cl0(Ok[V ]),
Cl0(Ok[V ]) ∼= Hom
0(RV ,J(k))
Hom0(RV , k×)Det0(U(Ok[V ]))
, (2.12)
in which the group Hom0(RV ,J(k)) can be identiﬁed with either J(k)3 or J0(k[V ]),
as convenient.
The natural map Cl0(Ok[])→ Cl0(Ok[V ]), induced by taking a locally free Ok[]-
module to its submodule of ﬁxed points under 2, corresponds in the Hom-description
to inﬂation of characters from V to . Under the identiﬁcations of Hom0(R,J(k)) =
J(k)4 and Hom0(RV ,J(k)) = J(k)3, this amounts to deleting the last component of a
quadruple. The preceding discussion, together with (2.7), therefore yields the following
analogue of Proposition 2.2 and Corollary 2.3 for Cl0(Ok[V ]):
Proposition 2.4. Let V be the automorphism of J(k)3 deﬁned by
V
(
(x1, x2, x3)
) = (x1, x2, x−11 x2x3).
Then
V (Det0(U(Ok[V ]))) = U2(Ok)2 ×U4(Ok).
In particular,
U4(Ok)
3 ⊆ Det0(U(Ok[V ])) ⊆ U2(Ok)3.
Hence the canonical map J(k)3 −→ Cl0(Ok[V ]) factors through Cl4(Ok)3, and the
canonical map J(k)3 −→ Cl2(Ok)3 induces a surjection Cl0(Ok[V ]) −→ Cl2(Ok)3.
Finally, by composing V with the canonical map J(k)3 −→ Cl2(Ok)2×Cl4(Ok), we
obtain a surjective map which induces an isomorphism
Cl0(Ok[V ]) ∼= Cl2(Ok)2 × Cl4(Ok).
Here V could be replaced by the automorphism (x1, x2, x3) → (x1, x2, x1x2x3).
We require one further result on class groups.
Lemma 2.5. Let A be a class in Cl0(Ok[]) and let y = (y1, y2, y3) ∈ J(k)3 =
Hom0(RV ,J(k)) represent the image A′ of A in Cl0(Ok[V ]) under (2.12). Then there
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exists y4 ∈ J(k) such that y˜ = (y1, y2, y3, y4) ∈ J(k)4 = Hom0(R,J(k)) represents A
under (2.3).
Proof. Let z = (z1, z2, z3, z4) ∈ J(k)4 represent A. Then both y and z′ = (z1, z2, z3)
represent A′. Writing z′y−1 = w = (w1, w2, w3), we therefore have
V (w) = (1u1, 2u2, 3u3)
for some 1, 2, 3 ∈ k×, u1, u2 ∈ U2(Ok) and u3 ∈ U4(Ok), by Proposition
2.4. Deﬁne u4 = (u4,p)p ∈ U2(Ok) as follows. For each place p above 2, we have
u3,p = 1 + 4a for some a ∈ Ok,p, and we set u4,p = 1 + 2a. For all other places p,
set u4,p = 1. Then (u3, u4) ∈ H . Set 4 = 1. Then by Proposition 2.2 we have
(w1, w2, w3, w14u4) = −1
(
(1u1, 2u2, 3u3, 4u4)
) ∈ (k×)4Det0(U(Ok[])).
Thus (w1, w2, w3, w14u4) represents the trivial class in Cl0(Ok[]), so that z rep-
resents the same class as (y1, y2, y3, z4(w14u4)−1). We may therefore take y4 =
z4(w14u4)−1. 
3. Galois module structure
In this section we complete the proof of the theorem. We begin by adapting the
construction of a dihedral extension N/k given in [S4, pp. 372–373]. Rather than
requiring the quadratic subextensions to give rise to speciﬁed Steinitz classes in Cl(Ok),
we work with explicit local normal integral bases and use them to produce speciﬁed
classes in Cl8(Ok). We will change the numbering of the classes c1, c2, c3 from that
used in [S4], in order to obtain directly a dihedral extension N/k which is cyclic over
the ﬁeld k1 corresponding to c1, cf. [S4, Proof of Proposition 3.1].
Lemma 3.1. Let  = D4, let k be any number ﬁeld, and let c1, c2, c3 be any classes
in Cl8(Ok). Then there exist
(i) a tame biquadratic extension K/k, and an isomorphism Gal(K/k) ∼= V ;
(ii) a tame normal extension N/k with K ⊂ N and an isomorphism Gal(N/k) ∼= ,
compatible with the isomorphism of (i);
(iii) a normal basis 	 of K/k, and an idele f = (fp)p ∈ J0(k[V ]) = J(k)3, such
that OK,p = Ok,p[V ]fp	 for each place p of k, and such that the canonical map
J(k)3Cl8(Ok)3 takes f to (c1, c2, c3).
Proof. Choose a prime ideal p of Ok , relatively prime to 2Ok , with class c−11 c2c3
in Cl8(Ok). Choose a fractional ideal I1 of Ok , and a prime ideal p1 of Ok , both
relatively prime to 2p, such that I1 has class (I1) = c−13 in Cl8(Ok) and p1 has class
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(p1) = (I 21 p)−1 in Cl8·∞(Ok). Then there exists m1 ∈ k× with
m1Ok = I 21 pp1, m1 ≡ 1mod∗ 8Ok · ∞.
Now k(√m1)/k is tamely ramiﬁed, and is unramiﬁed outside p and p1. In particular,
k(
√
m1) is contained in the ray class ﬁeld of k modulo 8pp1. Thus
Gal(k(
√
m1)/k) ∼= Cl8pp1(Ok)/W ∗,
where W ∗ = Nk(√m1)/k(Cl8pp1(Ok(√m1))). But k(
√
m1)/k is ramiﬁed at p, so k(
√
m1)
is not contained in the ray class ﬁeld of k modulo 8p1. Arguing as in [W, Theorem
10.1, p. 400], we deduce that the natural map from W ∗ to Cl8p1(Ok) is surjective.
Thus we may choose a prime ideal q of Ok whose class in Cl8pp1(Ok) belongs to W
∗
,
with (q) = (p) in Cl8p1(Ok). Then there exists a ∈ k× with
aOk = pq−1, a ≡ 1mod∗ 8p1.
Choose a fractional ideal I2 of Ok , relatively prime to 2pp1, with class (I2) = c−12
in Cl8(Ok). Also, choose a prime ideal p2 of Ok , relatively prime to m1Ok , with
(p2) = (I 22 q)−1 in Cl8pp1(Ok). This class (p2) lies in W ∗, since (q) does. Then there
exists b ∈ k× with
bOk = I 22 qp2, b ≡ 1mod∗ 8pp1.
Put m2 = ab, so
m2Ok = I 22 pp2, m2 ≡ 1mod∗ 8p1.
Now take K = k(√m1,√m2). Clearly K/k is a tame biquadratic extension. Deﬁne
,  ∈ Gal(K/k) by (√m1) = −√m1, (√m2) = −√m2 and (√m1) = −√m1,
(
√
m2) = √m2. This identiﬁes Gal(K/k) with V. The same considerations with local
symbols as in the proof of [S4, Theorem 1.2] show that K may be embedded in a tame
normal extension N/k with group . We have that N is cyclic over the ﬁxed ﬁeld
k(
√
m1m2) of , as required for compatibility between the isomorphisms Gal(K/k) ∼=
V , Gal(N/k) ∼= . Conditions (i) and (ii) are now satisﬁed.
It remains to ﬁnd 	 and f as in (iii). Let kj = k(√mj) for j = 1, 2. Then kj /k
ramiﬁes precisely at the places p, pj of k, and we have
Okj ,p′ = Ok,p′
[
(1+√mj)
2
]
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for all places p′ of Ok not dividing Ij (in particular, for all p′ above 2), and also
OK,p′ = Ok1,p′Ok2,p′
for all places p′ except p′ = p. Set
	 = 14
(
1+√m1
)(
1+√m2
)
.
Then 	 is a normal basis for K/k, and a local normal integral basis at almost all places
p′ of k, including those above 2. Indeed, in terms of the primitive idempotents ei of
k[V ] deﬁned in (2.11), we have
4e0	 = 1, 4e1	 = √m1m2, 4e2	 = √m2, 4e3	 = √m1.
Thus, for any place p′ = p we have
OK,p′ = Ok,p′

1+ 
−vp′ (I1)
p′
√
m1
2

Ok,p′

1+ 
−vp′ (I2)
p′
√
m2
2


= Ok,p′ [V ]
(
e0 + −vp′ (I1I2)p′ e1 + 
−vp′ (I2)
p′ e2 + 
−vp′ (I1)
p′ e3
)
	,
where p′ is a uniformizing parameter for Ok,p′ . We set
fp′ = e0 + −vp′ (I1I2)p′ e1 + 
−vp′ (I2)
p′ e2 + 
−vp′ (I1)
p′ e3.
For p′ = p, we easily see that OK,p has Ok,p-basis 1, √m1, √m2, −1p √m1m2, so
that OK,p = Ok,p[V ]fp	 with
fp = e0 + −1p e1 + e2 + e3.
Thus fp′	 is a local normal integral basis for OK,p′ for every place p′ of k.
Finally, let f = (fp′)p′ ∈ J(k[V ]). As f e0 = e0 we have 0(f ) = 1, so that
f ∈ J0(k[V ]). Under the identiﬁcation J0(k[V ]) = J(k)3, the canonical map J(k)3 →
Cl8(Ok)3 then takes f to
(
(I−11 I
−1
2 p
−1), (I−12 ), (I
−1
1 )
) = (c3c2(c−11 c2c3)−1, c2, c3) = (c1, c2, c3)
as required. 
Let 
: Cl8(Ok)3×Cl4(Ok)→ Cl0(Ok[]) be the surjection whose existence is given
by the ﬁrst assertion of Corollary 2.3.
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Lemma 3.2. Let N/k be a tame normal extension with Gal(N/k) = , and let K/k
be its biquadratic subextension. Let d be a class in Cl4(Ok), and let  = 

(
(1, 1, 1, d)
)
.
Then there exists a tame normal extension N ′/k containing K, with Gal(N ′/k) ∼= ,
such that (ON ′) = 2(ON) in Cl0(Ok[]).
Proof. Choose a fractional ideal I of Ok , relatively prime to 2, with class d−1 in
Cl4(Ok). Next choose a prime ideal q, relatively prime to both 2 and the discriminant
of N/k, with class d2 in Cl4(Ok). Then there exists m ∈ k× with
mOk = I 2q, m ≡ 1mod∗ 4Ok.
Let k′ = k(√m). Then k′/k is a tame quadratic extension, arithmetically disjoint from
N/k. Thus Nk′/k is a tame normal extension with Galois group  × 〈〉, where 
acts trivially on N and (
√
m) = −√m. (We extend the generators ,  of  to act
trivially on k′.) Let N ′ be the ﬁxed ﬁeld of Nk′ under  = 〈2〉. Then N ′/k is a
tame normal extension whose Galois group is isomorphic to  under the composite
 = Gal(N/k) ↪→ Gal(Nk′/k)Gal(Nk′/k)/ = Gal(N ′/k).
In particular, N ′ is cyclic over the ﬁxed ﬁeld of 〈〉 in N.
Let 	N be a normal basis for N/k, and for each place p of k, let 	N,p be a local
normal integral basis, that is, ON,p = Ok,p[]	N.p. In order to compare (ON) and
(O′N) in Cl(Ok[]), we construct the corresponding data 	N ′ and 	N ′,p for N ′/k. Now
k′/k has a normal basis
 = 12 (1+
√
m),
and, for each place p, a local normal integral basis
p = (1+ −vp(I )p
√
m)/2.
Thus Nk′/k has a normal basis 	N, and N ′/k has a normal basis
	N ′ = TrNk′/N ′(	N) = (1+ 2)(	N).
Similarly, since Nk′/N ′ is tame, N ′/k has a local normal integral basis
	N ′,p = (1+ 2)(	N,pp)
for each p.
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Now deﬁne fN = (fN,p)p ∈ J(k[]) by 	N,p = fN,p	N , and deﬁne fN ′ similarly
for N ′. Then the classes (ON), (ON ′) in Cl(Ok[]) are represented under the Hom-
description (2.2) by Det(fN), Det(fN ′), respectively. To compare these elements of
Hom(R,J(k)), we consider the primitive central idempotents
eˆj = 18 j (1)
∑
∈
j ()
−1, 0j4
in k[]. For the linear characters j , 0j3, we have
Det(fN)(j ) = j (fN) = eˆj fN = eˆj
(
1+ 2
2
)
fN,
and similarly for fN ′ . We calculate
(1+ 2)	N ′ = (1+ 2)(1+ 2)	N
= (1+ 2)(1+ )	N
= (1+ 2)	N
since (1 + ) = 1, and similarly for the 	N ′,p and 	N,p. Thus Det(fN ′)(j ) =
Det(fN)(j ) for 0j3. The case j = 0 shows that Det(fN ′)Det(fN)−1 represents
a class in Cl0(Ok[]) under the Hom-description.
For the character 4 of degree 2, Det(fN)(4) depends on eˆ4fN = 12 (1−2)fN . By
a similar calculation to that above, we ﬁnd
(1− 2)	N ′ = (1− 2)	N
√
m,
since (1 − ) = √m, and also (1 − 2)	N ′,p = (1 − 2)	N,p−vp(I )p √m. Thus (1 −
2)fN ′ = (−vp(I )p )p(1− 2)fN . Since 4 has degree 2, it follows that
Det(fN ′)(4) = (−2vp(I )p )pDet(fN)(4).
Hence the class (ON ′)(ON)−1 in Cl0(Ok[]) is the image of (1, 1, 1, (−2vp(I )p )p) ∈
J(k)4 under the Hom-description (2.3). By the choice of I, this class is precisely
2. 
Proof of the Theorem. For any tame normal extension N/k with group , we have
(ON) ∈ Cl0(Ok[]) since TrN/k(ON) = Ok is a principal Ok-ideal. Thus R(Ok[]) ⊆
Cl0(Ok[]).
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For the opposite inclusion, we impose the hypothesis that h4(k) is odd. Let c1, c2,
c3 ∈ Cl8(OK) and c4 ∈ Cl4(Ok). Let K, N and f = (f1, f2, f3) ∈ J0(k[V ]) = J(k)3
be constructed from (c1, c2, c3) as in Lemma 3.1. Then f represents (OK) under the
Hom-description (2.12) for Cl0(Ok[V ]). By Lemma 2.5, we may ﬁnd f4 ∈ J(k) so
that (f1, f2, f3, f4) represents (ON) under the Hom-description (2.3) for Cl0(Ok[]).
Let c ∈ Cl4(Ok) be the ray class determined by f4. Now c4c−1 = d2 for some d ∈
Cl4(Ok), as Cl4(Ok) has odd order by hypothesis. Since the canonical map J(k)3 →
Cl8(Ok) takes f to (c1, c2, c3), we can apply Lemma 3.2 to obtain a tame extension
N ′/k, with Gal(N ′/k) = , such that (ON ′) = 
 ((c1, c2, c3, c4)). Since 
 is sur-
jective and c1, c2, c3, c4 are arbitrary, this completes the proof that Cl0(Ok[]) ⊆
R(Ok[]). 
4. Concluding remarks and examples
In this section, we investigate the consequences of the hypothesis that h4(k) is odd.
We then give some explicit examples for the theorem.
For any number ﬁeld k let us write
E2(Ok) =
{
 ∈ O×k
∣∣  ≡ 1 (mod 2Ok)} = k× ∩U2(Ok).
Lemma 4.1. (i) Let k be a number ﬁeld such that h4(k) is odd. Then
(a) Cl4(Ok) ∼= Cl2(Ok);
(b) E2(Ok)U4(Ok) = U2(Ok);
(c) k is totally real.
(ii) h4·∞(k) is even for every number ﬁeld k.
Proof. (i) Let k have r real places and s complex places, so that the degree of k is
n = r + 2s. By (2.5), the natural map Cl4(Ok)Cl2(Ok) has kernel isomorphic to
k×U2(Ok)
k×U4(Ok)
∼= U2(Ok)
E2(Ok)U4(Ok)
.
This is a quotient of U2(Ok)/U4(Ok), which is an elementary abelian group of order
2n. Since h4(k) is odd, this kernel must be trivial, whence (a) and (b) hold. Moreover,
E2(Ok) must have 2-rank at least n. But the 2-rank of E2(Ok) is at most that of O×k ,
which is r + s by the Dirichlet Unit Theorem. Thus s = 0 and k is totally real.
(ii) If k is not totally real then h4(k) is even by (i), and hence so is h4·∞(k). Now
suppose that k is totally real. Arguing as in (i), Cl4·∞(Ok) has a subgroup isomorphic
to U2(Ok)/E2(Ok)U4·∞(Ok). But U2(Ok)/U4·∞(Ok) has 2-rank 2n while E2(Ok)
has 2-rank at most n, so h4·∞(k) is divisible by 2n. 
Lemma 4.1(ii) explains why we have considered only the dihedral group D4, and
not the quaternion group H8 of order 8. In [S3] it was shown that R(M) = Cl0(M)
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for  = H8, provided that k is linearly disjoint from Q(i), i2 = −1, and the narrow
class number h∞(k) of k is odd. To adapt the argument of that paper in the same way
as we have adapted that of [S4] here, we would need to assume that Cl4·∞(Ok) has
odd order. We have just seen, however, that this condition is never satisﬁed. Thus we
are not at present able to give an analogue of our theorem in the quaternion case.
When h4(k) is odd, we can determine Cl0(Ok[]) exactly:
Proposition 4.2. If h4(k) is odd and  = D4 then Cl(Ok[]) ∼= Cl(Ok) × Cl2(Ok)4
and Cl0(Ok[]) ∼= Cl2(Ok)4.
Proof. The ﬁrst assertion will follow from the second, since the surjection ∗: Cl(Ok[])
−→ Cl(Ok) is split by the homomorphism taking (a) ∈ Cl(Ok) to (aOk[]) ∈
Cl(Ok[]) for each Ok-ideal a. By Corollary 2.3 and (2.5) it therefore sufﬁces to
show that (k×)2H = (k×)2U2(Ok)2. The inclusion (k×)2H ⊆ (k×)2U2(Ok)2 is clear.
The opposite inclusion will follow if we show U2(Ok)2 ⊆ (k×)2H . We shall in fact
prove the stronger inclusion U2(Ok)2 ⊆ E2(Ok)2H .
Let (u1, u2) ∈ U2(Ok)2. By Lemma 4.1(i)(b), we have u1 = 1v1 with 1 ∈ E2(Ok)
and v1 ∈ U4(Ok). As in the proof of Lemma 2.5, we can construct w ∈ U2(Ok) with
(v1, w) ∈ H . Using Lemma 4.1(i)(b) again, we have u2w−1 = 2v2 with 2 ∈ E2(Ok)
and v2 ∈ U4(Ok). Then (u1, u2) = (1, 2)(v1, wv2) ∈ E2(Ok)2H . 
We end by giving some examples for our theorem. These were found using the tables
of class numbers and fundamental units for real quadratic ﬁelds in [Mo]. The values of
h2(k) and h4(k) were calculated from (2.5). For k = Q(
√
d) with d ≡ 1 (mod 4), we set
 = 12 (1+
√
d). We note that if h4(k) is odd then h4(k) = h2(k) by Lemma 4.1(i)(a),
and either h2(k) = h(k) or h2(k) = 3h(k). The latter possibility occurs precisely when
the fundamental unit  satisﬁes  ≡ 1 (mod 2Ok) and d ≡ 5 (mod 8).
Example 1. For k = Q(√2) and Q(√5), we have h4(k) = 1. Thus the hypothesis
of the theorem is satisﬁed. Using Proposition 4.2 we have Cl(Ok[]) = 1, and hence
(necessarily) R(Ok[]) = 1. When k = Q(
√
3), we have h(k) = 1 = h2(k) but
h4(k) = 2, so the theorem does not apply.
Example 2. Let k = Q(√37). Then  = 5+ 2, h(k) = 1, and we calculate h2(k) =
h4(k) = 3. Thus the theorem applies, and R(Ok[]) = Cl0(Ok[]) = Cl(Ok[]), this
group having order 34.
Example 3. Let k = Q(√229). This is the real quadratic ﬁeld of smallest discriminant
such that h(k) is odd but h(k) = 1. In fact h(k) = 3 and  = 7 + . Here h2(k) =
h4(k) = 3, so R(Ok[]) has order 34 while Cl(Ok[]) has order 35.
Example 4. For k = Q(√1901), we have h(k) = 3, and  = 213+ 10. We ﬁnd that
h2(k) = h4(k) = 9. Thus we have an example with 1 < h(k) < h4(k) in which the
theorem applies. Here R(Ok[]) has order 38 while Cl(Ok[]) has order 39.
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Appendix. A correction
In the earlier papers [S1,S3,S4], the set R(M) of realizable classes was determined,
and shown to be a group, for various non-abelian groups . In each of the cases
considered,  has a single irreducible character  of degree > 1, and this is induced
from a character  on an abelian subgroup of . The argument in these papers used
a formula of Fröhlich [F2, Theorem 12], which relates Fröhlich–Lagrange resolvents
for  and . (This step does not occur in the present paper because of the more
explicit calculations with local normal integral bases.) Fröhlich’s formula was, however,
misapplied so that, while the results of earlier papers remain valid, some details of
the proofs are incorrect. In this appendix, we take the opportunity to correct this
error.
We ﬁrst consider the situation of [S1, p. 91], and use the notation of that paper
without further comment. Applying Fröhlich’s formula to normal bases a and b of N/k
and N/k′ respectively, we obtain Eq. (2.4) in which the square of the ﬁnal term e(k′/k)
generates the discriminant of some k-basis c1, . . . , cq of k′. We may assume that the
ci lie in Ok′ . It is mistakenly asserted in [S1] that e(k′/k)2 generates the discriminant
(k′/k) of the ﬁeld extension k′/k. However, in the local integral formula, the square
of the corresponding term e(k′p/kp) does indeed generate the discriminant of k′p/kp.
Let d be the Ok-ideal index in Ok′ of the Ok-lattice generated by c1, . . . , cq . Thus
the class (d)−1 in Cl(Ok) is the Steinitz class of the Ok-module Ok′ . For each place
p of Ok , let dp ∈ Ok,p be a generator of the Ok,p-ideal dOk,p. Then e(k′/k)2Ok =
(k′/k)d2, and e(k′p/kp)dpe(k′/k)−1 is a unit in Ok′,p for each place p. In particular,
we have ((k′/k)) = (d)−2 in Cl(Ok). Thus in (2.5), Proposition 2.3 and the proof of
Proposition 2.4, the deﬁnition of g(2)p should be modiﬁed to read
g(2)p = d−1p Nk′/k
〈bp,〉N/k′
〈b,〉N/k′ ,
and in Proposition 2.4(iii) the class of Nk′r /K(I ()−1) should be replaced by the class
of d−1Nk′r /K(I ()
−1).
Now the classes (Ok), (I (1)−1) in Proposition 2.4(i) and (ii) represent M1Ok′ ,
where M1 ∼= Ok × Ok(q ) is the maximal order in k[Cq ]. Writing (M)Ok for the
Ok-Steinitz class of an Ok-lattice M, we have
(M1Ok′)Ok = (M1)Ok (Ok′)Ok = (Ok(q ))Ok (Ok′)Ok .
On the other hand, for any Ok(q )-ideal J we have
(J )Ok = (Ok(q ))Ok (Nk(q )/k(J ))Ok .
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Thus
(Ok(q ))Ok (Ok′)Ok = (Ok)Ok (I (1)−1)Ok = (Ok(q ))Ok (Nk(q )/k(I (1)−1))Ok ,
so that (Ok′)Ok = (Nk(q )/k(I (1)−1))Ok . We have seen above that (Ok′)Ok = (d)−1.
Hence, making the canonical identiﬁcation of Cl(M) with Cl(k)× Cl(k(q))× Cl(K)
as of [S1, p. 88], we have
R(M) =
{
(1, a,Nk(q )/k(a)b)|a ∈ SqCl(k(q)), b ∈ SlCl(K)
}
.
Thus R(M) is indeed a group isomorphic to the product SqCl(k(q)) × SlCl(K), as
stated in [S1, Théorème, p. 89], but in general R(M) is not actually equal to the
subgroup SqCl(k(q))×SlCl(K) ⊆ Cl(M), as indicated in [S1, Propositions 3.1, 3.2].
Next, we turn to [S3]. Here the formula in Proposition 2.2 should read
(c4) = Nk1(4)/k(4)
(
Cl
( 〈ON,〉
〈b,〉
))
(d)−1,
where d is an Ok-ideal such that (d)−1 is the Steinitz class c1 of k1/k, and in particular
((k1/k)) = (d)−2 in Cl(Ok). Thus in Proposition 2.4 we have
c24 = (c1c2c3Cl(J ))2,
and at the bottom of p. 555, the class giving the discriminant of k′/k is x4(x1x2x3
Cl(J ))−1.
Finally, we consider [S4]. In Proposition 3.1, the formula for y4 should be c2c3Cl(J )
since Eq. (3.1) should read
(y4) = Nk1(i)/k(i)
(
Cl
( 〈ON,〉N/k1
〈b,〉N/k1
))
(d)−1,
where again d is an Ok-ideal such that (d)−1 is the Steinitz class c1 of k1/k, and in
particular ((k1/k)) = (d)−2 in Cl(Ok). In the proof of Theorem 1.1, the class giving
the discriminant of k′/k should therefore be x4(x2x3Cl(J ))−1.
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